In a previous paper [1] we performed an analysis of asymptotic structure of perturbation theory series for semileptonic τ -lepton decays in massless limit. We extend our analysis to the Cabibbo suppressed ∆S = 1 decay modes of the τ lepton. In particular we address the problem of m 2 s corrections to theoretical formulas. The properties of the asymptotic behavior of the finite order perturbation theory series for the coefficient functions of the m 2 s corrections are studied.
Introduction
The accuracy of experimental data for τ lepton decays makes it feasible now to extract the spectral density of the Cabibbo suppressed ∆S = 1 decay modes through detecting strange hadrons and even to pin down the tiny difference with the Cabibbo favored ∆S = 0 case due to the non-vanishing strange quark mass [2, 3] . One of the main problems in obtaining precise theoretical formulas is the strict control over the convergence of perturbation theory (PT) series and the error due to its truncation [1] . For the nonstrange decay channels (Cabibbo favored) this problem is now an actual problem -the theoretical uncertainty has already reached a limiting value existing due to asymptotic nature of the PT series. This value is comparable in magnitude with the experimental error. For the Cabibbo suppressed modes the experimental errors are still larger than theoretical uncertainties. However, with the accuracy of experimental data permanently improving the limiting theoretical precision within FOPT is becoming a major problem of theoretical analysis in general and of the extraction of the strange quark mass m s from m 2 s corrections in particular. From the theoretical point of view one of the central quantities of interest for the Cabibbo suppressed modes from theoretical point of view is the correction to hadronic spectral density arising from the nonvanishing s-quark mass. This makes the description different compared to the massless (Cabibbo favored or ud) case. The m 2 s corrections to the spectral densities have been calculated with a high degree of accuracy within perturbation theory in the strong coupling constant (e.g. [4] ).
In the present note we determine the ultimate theoretical precision reachable for m 2 s corrections within a finite order perturbation theory analysis. We follow closely the lines of ref. [1] and reach our conclusions in a renormalization scheme invariant way.
The basic observable is the normalized τ lepton decay rate into hadrons written in the standard form
The leading terms in eq. (1) are the parton model results while the terms δ ud and δ us represent the effects of QCD interaction and (in case of nonvanishing quark masses) mass effects [5, 6, 7, 8, 9] . V ud and V us are matrix elements of the weak mixing matrix and S EW describes the electroweak radiative corrections to the τ -decay rate.
In general, hadronic observables in the τ system are related to the two-point correlator of hadronic currents with well established and simple analytic properties -this makes the comparison of experimental data with theoretical calculations very clean. This feature makes τ lepton physics an important area of particle phenomenology where theory (QCD) can be confronted with experiment to a level of very high precision.
The correlator (here we concentrate only on strange hadronic current, i.e. the term proportional to V us ) has the form
with j µ (x) =ūγ µ (1 − γ 5 )s. Π q (q 2 ) and Π g (q 2 ) are invariant scalar functions. We work within QCD with three light quarks and do not consider corrections due to heavy quarks (c-quark) that would enter in higher orders of PT through loop effects [10] . The correlator is normalized to unity in the leading parton model approximation with massless quarks.
The theoretical expression for the QCD part of the decay rate into strange hadrons is given by (with N c |V us | 2 S EW factored out)
with R q (s) and R g (s) being the absorptive parts of the structure functions Π q (q 2 ) and Π g (q 2 ).
The masses of the light quarks (u, d) can be neglected. We study m 2 s corrections for the Cabibbo suppressed decay modes. The representation of the total decay rate in terms of the absorptive parts of the structure functions Π q (q 2 ) and Π g (q 2 ) is convenient from the point of view of their analytic properties in the complex q 2 -plane. The physical decomposition of the correlator (2) reads
where the Π T (q 2 ) part contains only spin 1 contributions and Π L (q 2 ) contains only spin 0 contributions. The relation between the two sets of invariant functions Π T,L (q 2 ) and Π q,g (q 2 ) describing the correlator eq. (2) reads
In terms of the physical (definite spin) invariant functions eq. (3) reads
The longitudinal part of the spectral density R L (s) vanishes if all quarks are assumed to be massless. On expanding Π q (q 2 ) and Π g (q 2 ) in m 2 s /q 2 and keeping only the leading term in this expansion one has
where Π(q 2 ) is the invariant function already known from the mass zero case. The functions Π # (Q 2 ) with Q 2 = −q 2 are computable in perturbation theory in the deep Euclidean region
The results of the PT calculation read
Even though the fourth order MS scheme coefficient k 3 and the coefficients k q2 , k g3 are not known at present we retain their contributions since we want to dispose on them as free 
and that of the running mass
Here β i and γ i are the appropriate coefficients of β-and γ-functions describing the evolution (running) of the coupling and mass and
The coupling constant α s in eq. (10, 11) in taken at a genuine normalization point µ. In the present note we do not systematically discuss non-perturbative effects stemming from standard power corrections [11] . The standard power corrections arise from nonvanishing vacuum expectation values of local operators within the operator product expansion and are relatively small. They can be simply accounted for if necessary. They do not mix with the We restrict our attention only to the new features that appear due to the mass corrections when compared to our previous analysis [1] . The appropriate quantities to consider are moments of a spectral density
We often use M τ as a unit of mass which leads to dimensionless variable x = s/M 2 τ . Note that within finite order perturbation theory the moments eq. (13) coincide with the results of a contour integration [12, 13, 14, 15] because of analytic properties of the functions ln p z.
The moments of the hadronic spectral densities are internal characteristics of the hadronic decays of the τ system and it is instructive to describe these moments in internal variables.
In the massless limit within FOPT there is only one independent internal variable -the effective coupling a(s) which is defined directly on the physical cut through the relation
and studied in ref. [1] . All the constants that may appear due to a particular choice of the renormalization scheme are absorbed into the definition of the effective charge e.g. [16, 17, 18, 19] . In our present analysis the effective charge is determined by the massless piece Π(q 2 ) of the correlator (2) (see, eq. (7,8)). Eq. (14) fixes the definition of the effective charge which is later used as an expansion parameter for the mass corrections. With such a definition one retains consistency in the description of the massless approximation for strange and non-strange modes.
The running of the coupling a(s) defined in eq. (14) contains logarithms of s with coefficients given by an effective β-function
and reads
where
Note that the expansion of a(s) in eq. (16) has the same form as the one for α s (s)/π but nowβ 2 andβ 3 are coefficients of the effective β-function [1] while β 0 and β 1 are renormalization group invariants. The effective coupling a can be expressed through the MS coupling constant
with
At any fixed order of perturbation theory the effects of running die out for the high order moments (large n in eq. (13)) improving the convergence of the perturbation theory series.
With the definition of the charge according to eq. (14) all high order corrections vanish as n → ∞ for any fixed order of perturbation theory. However, for the mass corrections this is not true anymore since the strange quark mass introduces a new parameter. In order to obtain only logarithms of energy in the spectral density one can redefine the MSscheme quark mass appropriately and absorb all remaining constants into the internal mass parameter. Because there are two invariant functions that characterize the correlator (2) the definitions of the mass parameters may be different for them. This redefinition is nothing but the change of subtraction scheme for the given spectral density. Note that the introduction of a natural internal coupling parameter such as the effective charge a(s) allows one to extend the perturbation theory series needed for the description of relations between observables by one more term as compared to the analysis in e.g. the MS-scheme (e.g. [20, 21, 22, 23] 
The new mass parameter
The spectral density ρ g (s) for the g-part of the mass correction contains only logarithms in fixed order PT expansion and reads
With the help of eq. (20) 
This accuracy is sufficient at present for phenomenological applications.
Given the expression for the spectral density eq. (21) the whole analysis of ref. [1] applies.
The moments of the spectral density ρ g (s) in general behave worse than in the massless case.
This is understandable if one compares the coefficients of the logarithms in the spectral densities (18) and (21) . The coefficients are larger overall in the mass correction case. The basic objects one needs for the construction of observables are moments of the spectral density ρ g (s)
We find 
Note that the unknown coefficient k g3 , which would appear in the fourth order coefficient of the moments in the MS-scheme, is absorbed in the definition of the mass m g . Still the fourth order coefficient is not known because of its dependence on k 3 which enters due to the charge redefinition. Indeed, this dependence has its origin in the definition of the mass m g (19) . The third coefficient of the effective γ-function γ g3 depends on k 3 . This dependence affects the fourth order coefficient of ρ g (s) through the running mass (11)
For large n the moments behave better because the infra-red region of integration is sup-pressed. Note that the coefficients of the series in eq. (24) are saturated with the lowest power of logarithm for large n for a given order of perturbation theory, i.e. they are saturated with the highest coefficient of the effective β-function and γ-function.
It is instructive to compare the results in eq. (24) 
The advantage of the effective scheme against the MS-scheme is apparent starting with α 
If one excludes M g (0) an accuracy of better than 2% can be obtained.
There is no value for k 3 which makes the forth order corrections of all moments smaller than the previous correction. If k 3 has a value between −46.5 and 1.2 all moments starting from the first moment show no asymptotic growth in fourth order. Such a fine tuning of the unknown coefficient k 3 seems to be unrealistic. We thus conclude that asymptotic growth is unavoidable in fourth order in the g-part. The ultimate accuracy depends on the value of k 3 varying between 0.7% and 2% if the zero order moment is excluded. The invariant statement about the asymptotic growth is that the system of moments M g (n) with n = 0 included cannot be treated perturbatively at the fourth order of perturbation theory for the given numerical value of the expansion parameter a = 0.111 if one wants to obtain an accuracy of the coefficient function in front of m 2 s correction in Π g (q 2 ) amplitude better than 15% -20%. This statement about the ultimate accuracy of the set of moment observables attainable in fourth order of perturbation theory is independent of whichever numerical value k 3 takes.
The perturbation theory expansions for the system of moments with (1 − s) n weight
show a much worse PT behavior. One has 
The convergence of the series is obviously quite poor. All momentsM g (n, 0) contain the contribution ofM g (0, 0) ≡ M g (0) in the sum eq. (28) which by itself shows a bad behavior; the rest makes it worse.
To summarize, the general PT structure of the moments for the g-part in the effective scheme with the new mass parameter m should be written as
with a measure dσ(s) which is not differentiable, i.e. dσ(s) = σ ′ (s)ds with some continuous σ ′ (s). However, it can be written in a more familiar form if a different weight is used
and ρ F (s) a continuous spectral density. Therefore F (Q 2 ) is the primary function of
It reads
The result for F (Q 2 ) is
For the discontinuity across the cut defined by In order to get rid of the constants the new mass parameter m q for the amplitude Π mq (Q 2 ) is defined in analogy with the g-case such that
with m 
that leads to the expansion ρ q (s) = 1 + 2la + (9.55l + 4.25l 2 )a 2 + (36.36l + 44.6l 2 + 9. 
where the effective mass m 2 q is used for normalization. The moments eq. (42) can be evaluated through the function ρ q (s) directly. The zero order moment turns out to be
The reason for this is that the integration with n = 0 in eq. (42) picks up exactly those contributions that eventually are absorbed into the strange quark mass redefinition. Higher order physical moments are related to the standard moments of ρ q (s) via
They contain no parton model contribution. The moments M q (n) are the standard objects defined in eq. (13) 
Total decay rate
The τ decay width is given by a specific linear combination of moments. The weight function contains the overall factor (1 − s) 2 which impairs the convergence of the total decay rate observable. The (1 − s) 2 factor enhances the infra-red region of integration, i.e. the relative magnitude of the contributions of logarithms ln(M 
It is assumed that in the MS-scheme the series for the (L + T ) part of the m 2 s correction in eq. (50) converges well [2] . The convergence is not impressive in FOPT but the numbers given for contour-improved FOPT in ref. [2] show fast convergence. The quantity of interest is now
If we look at the moments which are contained in R L+T mτ (52) it is natural to expect a convergence behavior better than in the total decay rate because no zero order moments are needed to construct R L+T mτ . This is an invariant (scheme independent) reason for better convergence: the particular combination R The convergence persists and the last term is still smaller than the third for the standard values of 25 < k 3 < 100 and 0 < k q2 < 160. The total contribution of first three terms is 0.45 which is a reasonable change of the leading order term due to PT correction. In the MS-scheme this becomes
The total contribution of the first two terms amounts to 0.65. The change in the leading order prediction is even larger than the total change in the effective q-scheme where one more term of PT expansion is available. The only advantage of the '1+0' amplitude from PT point of view is the absence of the zero order moment M q (0) which is the most divergent one. Still, the moment M q (1) from eq. (45) which contributes to the rate expression eq. (52) is bad enough to prevent a fast convergence. The longitudinal part can be expressed in terms of the moments and convergence is rather bad 
from which one can perceive the reason for the bad PT structure. While the convergence of the g-part is rather standard, the admixture of q-contribution without the leading term is enhanced by relative factor of four which makes the sum in eq. (56) completely uninterpretable.
Note that we use m g,q mass parameters for g, q parts of the correlator as internal mass scales for m 
The different structures of PT serieses for the parameters m Therefore for precise comparison of theory with experiment some procedure of resummation is required [15, 21, 24] . And, in fact, one can perform resummation only for lowest order moments to keep things close to the standard FOPT. Resumation, however, introduces additional (to the standard renormalization group freedom [25] ) arbitrariness, in particular, it interferes with nonperturbative power corrections that makes separation of contributions within the OPE not unique.
This problem is beyond the scope of the present analysis.
